Dirac particle represents a fundamental constituent of our nature. Simulation of Dirac particle dynamics by a controllable quantum system will allow us to investigate non-classical nature of our physical world. In this work, starting from a modified version of one-spatial dimensional general inhomogeneous split-step discrete quantum walk we derive an effective Hamiltonian which mimics a single massive Dirac particle dynamics in curved (1 + 1) space-time dimension coupled to U (1) gauge potential-which is a forward step towards the simulation of the unification of electromagnetic and gravitational forces in lower dimension and at the single particle level. Implementation of this simulation scheme in simple qubit-system has been demonstrated. We show that the same Hamiltonian can represent (2 + 1) space-time dimensional Dirac dynamics when one of the spatial momentum remains fixed. The emergence of curvature in the two-particle split-step quantum walk has also been investigated while the particles are interacting through their entangled coin operation.
I. INTRODUCTION
Quantum walk, an effective algorithmic tool for simulating quantum physical phenomena where classical simulator fails or when the computational task is hard to realize via classical algorithm, is also shown to be a very useful for realization of universal quantum computation [1] [2] [3] . The similarity of discrete quantum walk (DQW) with the Dirac particle dynamics [4] [5] [6] [7] [8] [9] [10] [11] [12] , at the continuum limit, elevates the DQW as a potential candidate to simulate various phenomena where the Dirac fermions play a crucial role [13] [14] [15] . With advancement in field of quantum simulations where many quantum phenomenon are mimicked in table-top experiments, algorithmic schemes which can simulate Dirac particles dynamics in quantum field theory has garnered considerable interest in recent days. Simulation of Dirac particle dynamics in the presence of the external abelian and nonabelian gauge field by DQW has been recently reported [16, 17] . Other recent works [18, 19] investigated the inhomogeneous DQW that mimics the Dirac particle dynamics under the influence of external gauge-potential and curved space-time as a background. Twostep stroboscopic DQW with space-time dependent U (2) coin operator was used to produce gravitational and gauge potential effect in single Dirac fermion, but their approach was unable to capture mass, gravity and gauge potential in one Hamiltonian [18, 19] . A generalized single particle Dirac equation in curved space-time was derived from a special DQW-grouped quantum walk (GQW)-which needs prior unitary encoding and decoding at last [20] [21] [22] . DQW with SU (2) coin operator parameters which are spatially independent but depend randomly on time-steps, has been also been studied in the context of random artificial gauge fields [23] . The randomized coin parameters which mimic random gravitational and gauge field acts as transition knobs from non-classical probability distribution to classical probability distribution. A DQW with a single evolution step of which contains four spatial shift operations-mimics the Dirac evolution under influence of gravitational waves in (2 + 1) dimension was also recently reported [24] . In ref. [25] , it is shown that the SS-DQW, where the coin parameters are space and time-step independent, can capture properties of the discretized Dirac particle dynamics in flat (1+1) dimension, more than that captured by conventional DQW. This motivates us to generalize the operation and study the consequences of it.
In this paper starting from a slightly modified version of the single-step split-step DQW (SS-DQW) [26] whose coin operators are time and position-step dependent (inhomogeneous both in time and space), we will derive the (1 + 1) dimensional massive Dirac particle Hamiltonian under the influence of the U (1) gauge potential in curved space-time at the continuum limit-is realizable in various physical table-top system-as the SS-DQW has been proposed or successfully implemented in various systems like cold atoms [27] , superconducting qubits [28, 29] , photonic systems [30, 31] . Our scheme can also describe the (2+1) dimensional Dirac Hamiltonian in curved space-time when one of the momentum of the particle remains fixed. We provide realization of our simulation scheme using qubit systems. This scheme doesn't require any prior encoding or decoding, nor it demands extra conditions on the coin parameters in order to satisfy-boundedness (well-defined eigenvalues) of the generator which is the the effective Hamiltonian in our case, i.e. the unitary operator should start evolution from identity while the parameter of the corresponding lie group evolves from zero to a nonzero real value. Our coin operations are general U (2) group element in coin-space. After considering all the terms up to first order in time-step size τ and position-step size a we have derived the effective Hamiltonian. By considering higher dimensional i.e., qudit instead of qubit system, our scheme will capture more general U (N ) gauge potentials as done in ref. [16] . The modification of the evolution operator from the conventional SS-DQW evolution operation is not contradictory with the result obtained in ref. [25] .
We extended our study for the two particle case following the same procedure we have taken for the single particle case. Extension of single-particle DQW with entangled coin operation has been previously studied [32] [33] [34] . Twoparticle quantum walk under position dependent or independent coin operation which are separable in their coin degrees of freedom, has been investigated [35] [36] [37] [38] [39] [40] . Here we study a two-particle coined SS-DQW whose coin operation is both position and time dependent and entangled in coin degrees of freedom of the individual particles-the interaction comes solely from the coin operation, while no interaction among the particles are present via their spatial shift operations. We choose a particular kind of entangled coin operators to demonstrate how the curvature and entanglement in coins enters in to the two-particle Hamiltonian. The existence of discrete space-time steps may help us to study the Planck scale physics [41, 42] . But in that case simulation of SS-DQW by two-period conventional DQW [31, 43] is not feasible, because of the existence of the fundamental (strictly constant) length scale.
This paper is organized as follows. In section II, we describe how an effective Schrodinger like equation can be derived from the standard Dirac equation in curved space-time. In the next section III we will describe the conventional form of SS-DQW whose coin operation depends of both space and time steps. In section IV, we describe our modification to the SS-DQW and derive the effective Hamiltonian. Section V describes a special choice of coin operation that will produce a Hamiltonian in (1 + 1) dimensional curved space-time with special metric and gauge potential, we have also describe how we can capture (2 + 1) dimensional Dirac particle dynamics by looking at the (1 + 1) version of the derived Hamiltonian. In section VI we demonstrate the implementation scheme in qubit system. In section VII we extend our single-particle (1 + 1) dimensional SS-DQW scheme to a two-particle case. We concluded with remarks in section VIII.
II. EFFECTIVE HAMILTONIAN CORRESPONDING TO THE STANDARD DIRAC EQUATION IN CURVED SPACE-TIME
The general curved space-time Dirac equation [44, 45] is written as
where the covariant derivative ∇ µ = ∂ µ + Γ µ while in presence of U (1) gauge potential, ∇ µ = ∂ µ + Γ µ − iA µ , γ (a) are local γ matrices and satisfy the conditions:
= 2η (b)(d) × Identity matrix. In general, for (1 + 1) and (2 + 1) dimension the γ matrices can be expressed in terms of the conventional Pauli matrices-{σ 1 , σ 2 , σ 3 } like: γ (0) = n. σ, γ (1) = i n ⊥ . σ are chosen in such a way that the convention of the flat space-time metric: η (0)(0) = 1, η (0)(1) = η (1)(0) = 0, η (1)(1) = −1 will be obeyed, where n and n ⊥ are mutually orthonormal. The identity matrix in this case will be expressed as σ 0 . The torsion-free and metric compatible connection is defined as
, where Γ
and S (c)(d) are the flat spinor matrices defined as S (c)(d) = Now after using some relations of local γ (a) matrices (see Appendix A for detailed derivation), it is possible to write the above eq. (1) as follows, 
where 
where
, 2 andp i are the momentum operator corresponding to the coordinate i. For detailed derivation of the above Hamiltonian, see the Appendix A.
In proper notation A 0 , A i , and all the vielbeins are functions of two position coordinates x, y and time t such that, in place of them x,y A 0 (x, y, t) |x, y x, y| , x,y A i (x, y, t) |x, y x, y| , x,y e i (b) (x, y, t) |x, y x, y| should be used respectively. Also, as the γ matrices representing coin space which is different from the position Hilbert space, they should be written as tensor products. So, the proper form of this Hamiltonian is
In case of fundamental particles, the mass m(x, y, t) = m will be independent of position and time, but for emergent particles which appear in condensed matter systems, the mass can in general be a function of position and time. For (1 + 1) dimension the variable y will not be present in eq. (5). However, for notational convenience we will express the Hamiltonian given in eq. (5) as follows,
.
III. GENERAL SPLIT-STEP DQW
As the conventional DQW is a discrete quantum version of the classical random walk [46] [47] [48] , the SS-DQW is a generalized version of the convention DQW first introduced in ref. [26] . Multiple evolution parameters give more control over the evolution of the walk and to engineer the dynamics to our desire. The general single-particle SS-DQW in (1 + 1) dimensional space-time can be defined as a unitary evolution operator that evolves a state |ψ(t) at time t to a state |ψ(t + τ ) at time t + τ ,
acting on the Hilbert space H c ⊗ H x where H c = span{(1 0) T , (0 1) T } is the coin Hilbert space and H x = span{|x : x ∈ aZ or x ∈ aZ N } is the position Hilbert space. The general state |ψ(t) ∈ H c ⊗ H x for all discrete time-step t ∈ τ × {0} ∪ N .
Here the unitary coin operation is defined as
for j = 1, 2 and subject to the condition |F j (x, t, τ )| 2 + |G j (x, t, τ )| 2 = 1 and ξ j (x, t, τ ) are real for all x, t, τ . The x, t dependence of the functions F j (x, t, τ ), G j (x, t, τ ), ξ j (x, t, τ ) implies inhomogeneity of the coin operation both in position and time steps. Here F j (x, t, τ ), G j (x, t, τ ) represent the elements of SU (2) group operation and including ξ j (x, t, τ ) we have a general U (2) group operation on coin space [25] .
The coin state dependent position shift operators are defined as
These position shift operators act homogeneously on all positions, at all time steps. The usual implementation method of the unitary operator U which implement one complete step of SS-DQW is in the following order-the coin operation C 1 (t, τ ) is followed by the shift operation S − which is further followed by the coin operation C 2 (t, τ ) and then the shift operation S + . Here S ± are by definition unitary operators. The coin operations are generalized U (2) operations on the coin space while they keep the position state of the particle intact, but the parameters of this U (2) operation depend on the position of the coin. S + shifts the particle one-step further in position points along the direction of increasing x if the coin state of the particle is in the up-state or (1 0) T and does nothing if the coin state of the particle is in the down-state or (0 1)
T . S − does nothing if the coin state of the particle is in the up-state or (1 0) T and shifts the particle one step further in position points along the direction of decreasing x if the coin state of the particle is in the down-state or (0 1) T .
Using the expressions given in eqs. (8)- (9), the whole evolution operator in eq. (7) can be written in the form:
The effective Hamiltonian H eff (t) :
Because of the inhomogeneity in space-time of the evolution operator in eq. (7), it is difficult to diagonalize the whole operator and derive the effective Hamiltonian as done in ref. [25] . Instead of that, we will derive the Hamiltonian by Taylor series expansion with respect the variables τ, a assuming that τ, a = cτ have the same order of magnitude and lim τ →0 a = 0 (as we are taking c as a finite constant).
and hence the relation between system state at time steps t and t + τ can be written as follows
So, the effective Hamiltonian can be derived from the expansion upto the first order in τ . But the zeroth order terms of the unitary operators:
will not simply be equal to the identity operator unless some constraints on the functions ξ j (x, t, 0), F j (x, t, 0) and G j (x, t, 0) have been imposed. The zeroth order should be equal to the identity operator both in position and coin space in order to make the Hamiltonian, a bounded operator and for the validity of the limit of the discrete evolution at the continuum i.e., when a → 0, τ → 0.
We are assuming that the ξ j (x, t, τ ), F j (x, t, τ ), G j (x, t, τ ) are analytic function of τ , so that we can do Taylor series expansion of them as well as the overall SS-DQW evolution operator.
Imposing the condition that |F j (x, t, τ )| 2 + |G j (x, t, τ )| 2 = 1 for all x, t, τ ; as the each coefficient term of τ n should be separately zero, where n ∈ N; we get
From the condition
we have a difference equation
j (x, t, 0) = 0 which, after expansion upto the first order in a gives
where we have defined
The detailed forms of these operators are calculated in Appendix B. Expanding this operators upto first order in τ and a we can calculate the effective Hamiltonian using the similar form of the eq. (13) defined for the conventional SS-DQW evolution operator, i.e., now we use the definition:
For the detailed derivation of this Hamiltonian see Appendix C 1. The derived effective Hamiltonian is in the form:
The terms Ξ r (x, t), Θ r (x, t) in Hamiltonian operator are functions of the functions F j (x, t, 0), G j (x, t, 0), ξ j (x, t, 0), f j (x, t), g j (x, t) and λ j (x, t) for j = 1, 2. The explicit expressions of these terms are given in Appendix C 1.
Note that, in the standard Hamiltonian in eq. (6) in (1 + 1) dimension, the total possible number of independent coefficient of the momentum operatorp 1 is two and they are cα
e 0
. In the expression in (22) three independent coefficients are possible, but does not contain α (0) = σ 0 term. So, in order to match with the existing theory we need to do a careful choice of the coin parameters. The Hamiltonian derived in the preceding section corresponds to the general U (2) coin operation. Now we will consider a special case where the coin operations are only the rotations about the spin-x-axis, such that F j (x, t, τ ) = cos θ j (x, t, τ ), G j (x, t, τ ) = −i sin θ j (x, t, τ ) and the overall phase ξ j (x, t, τ ) will be incorporated.
In this case:
and
Note that, for this choice
, the effective Hamiltonian in eq. (22) will reduce to the case of the flat space-time: In strictly (1 + 1) dimension, the Dirac Hamiltonian in eq. (6) takes the form
e 0 (0)
Here we have α (0) = σ 0 so, to compare this Hamiltonian with our derived Hamiltonian given in eq. (22) one possible choice is θ 2 (x, t, 0) = −2θ 1 (x, t, 0), e 1 (0) = 0 and
Then,
After omitting all the zero-valued terms the Hamiltonian in eq. (27) becomes
where we identify ∂ x ξ 2 (x, t, 0) = 0 and
In case we want to study the fundamental particle, the mass m should be taken position-time independent, we can choose e
In condensed matter, many kinds of emergent particles are possible whose mass may depend on both the time and position steps, so, we can set e 0 (0) = 1 which implies mc 2 =
[ϑ 1 (x, t) + ϑ 2 (x, t)] + c∂ x θ 1 (x, t, 0) . As θ 1 (x, t, 0) can be an arbitrary function of x, t but −1 ≤ cos[2θ 1 (x, t, 0)] ≤ 1, g 11 term of any metric can be captured by this through some constant value scaling.
1. Numerical simulation of a non-static case:
Here we will show the numerical simulation of a non-static case. Our numerical results are obtained by considering = 1 unit, c = 1 unit, τ = 1 N unit and a = 1 N unit. For the validity of the approximation used to derive the effective Hamiltonian, we should have N >> 1. We will take N = 150.
We choose to work with the mass = m = 0.04 unit. Below is the probability distribution as a function of time (SS-DQW steps) and position for three different cases. Fig. 1 is for curved space-time with U (1) potential:
1.
cos 4x + sin 4x , the coin parameter functions are:
our phases are:
2. Fig. 2 is for curved space-time without U (1) potential: lattice points. The probability distribution is for a non-static metric system:
2 in presence of U (1) gauge potential with mass = 0.04 unit. The initial state used for the evolution is 
2 in absence of gauge potential with mass = 0.04 unit. The initial state used for the evolution is
our phases are: lattice points. The probability distribution is for Minkowski metric system in absence of gauge potential with mass = 0.04 unit and the initial state used for the evolution is
3. Fig. 3 is for flat space time without U (1) potential:
(1) = 1, the coin parameter functions are:
2. Numerical simulation of a static case:
For a static case we will run our simulation considering = 1 unit, c = 1 unit, τ = 1 N unit and a = 1 N unit. For the validity of the approximation used to derive the effective Hamiltonian, we should have N >> 1. We will take N = 250.
We choose to work with the mass = m = 0.04 unit, e 0 (0) = 1, e 1 (1) = x + 5a.
• Fig. 4 is for curved space-time without U (1) potential: The coin parameter functions are:
, ϑ 2 (x, t) = 0.04, ⇒ our rotation angles are:
In Fig. 4 , the probability distribution which spread only to the right side of the origin is seen.
• The gauge potential is captured by the parameters:
The other coin parameter functions are:
⇒ our rotation angles are:
B. Simulating (2 + 1) space-time dimension by (1 + 1) space-time dimensional SS-DQW In (2 + 1) space-time dimension when one of the spatial momentum of the Dirac particle remains constant = k y unit and all the operators in the Hamiltonian are simply function of the other spatial coordinate and time-the space-time become effectively (1 + 1) dimensional. Under this consideration the effective Dirac Hamiltonian in (2 + 1) space-time dimension given in eq. (6) can be written as
, where q
and we have taken all the operators in the Hamiltonian are functions of x, t only. We had
In order to compare the Hamiltonian in eq. (36) with our Hamiltonian in eq. (22) derived from the modified SS-DQW, we have to make e 1 (0) = 0 which reduces the Hamiltonian in eq. (36) to the form,
The total number of variables {A 0 , A 1 , A 2 , m, e (38)- (43) are larger than the total number of the equations. So, unique solution is not possible. One possible solution is
Therefore, the metric
where we have used the definition: 2) . We should note here that this kind of choice implies that the effect of the momentum k y of the hidden coordinate express itself as a part of the gauge potential A 2 . Other choices are possible which may give rise to different metrices.
VI. IMPLEMENTATION OF OUR SCHEME IN QUBIT-SYSTEM
The shift operations S ± in eq. (9), and the coin operations C j (t, τ ) in eq. (8) are kinds of controlled-unitary operations. The shift operations S ± change the position distribution while the coin state acts as the controlling qubit(s), and the coin operations C j (t, τ ) change the coin qubit(s) while positions act as controllers. Coin state is already represented by some qubit-state (a 2-dimensional quantum-state), but the position space is N dimensional if the total number of lattice sites are N , so, in general can be any dimensional. Here, we will represent the position states by n-qubit system such that the total number of position will now be 2 n and each position is indexed by the decimal value-of the corresponding binary bits expression. Although the number N = 2 n are only a particular kind of numbers, any general number of lattice sites can be constructed by neglecting some extra degrees of freedom. Below we demonstrate this scheme by a simple example.
Suppose our working system is a periodic lattice with 4 lattice sites, i.e. lattice system is {|x such that x ∈ Z 4 }. We can build it by 2-qubit only-representing each qubit in the computational basis {|0 ≡ (1 0)
T , |1 ≡ (0 1)
T which are the eigenbasis of the conventional Pauli matrix σ 3 } we can write the basis of the 2-qubit system as {|00 , |01 , |10 , |11 }. We will use the definition: position state |0 := |00 , position state |a := |01 , position state |2a := |10 , position state |3a := |11 . So, in this representation
Similarly,
We should note that, in the matrix representations in eqs. (46)- (47), the limiting condition: lim a→0 x |x + a x| = x |x x| , because this kind of matrix representation is not possible while a varies with τ . For simulation purpose, we are considering a as a constant quantity, but our results obtained in this way should not differ from the continuum theoretical results for the large number (N ) of lattice sites. So in this current case, this matrix representation is justified. One may question as here we are only showing scheme for N = 4 case, but we believe that extension to large N can be simply developed based on our scheme. Just for the reader friendly demonstration we are dealing with N = 4 here. Now we are going to use another qubit for the coin space have basis-{|0 c , |1 c }. In this case the shift operators take the forms: 
The two coin operations for j = 1, 2 are defined as
Thus the whole evolution operator
is implementable in a simple qubit system.
VII. EXTENDING OUR (1 + 1) DIMENSIONAL SS-DQW SCHEME TO TWO-PARTICLE CASE
Here we will apply our SS-DQW framework into a two-particle system. In order to extend to two-particle case we will use entangled coin operation and the separable shift operations. We extend the conventional evolution operator that evolves a two-particle state at time t to time t + τ , as
such that the modified or actual evolution operator will be now
acting on the Hilbert space
x . H x1 = span{|x 1 : x 1 ∈ aZ}, H x2 = span{|x 2 : x 2 ∈ aZ} correspond the position Hilbert spaces of the first and second particles, respectively.
T , (0 1) T } correspond the coin Hilbert spaces of the first and second particles, respectively. Note that, we have synchronized the time-steps of both the particles to the time-step t same for both, which is a special case. The shift operators for the individual particle are now defined as
where r = 1 and r = 2 are for the first and the second particles, respectively. Therefore,
and,
The coin operators are now defined as
where C αβ j (x 1 , x 2 , t, τ ) has to be real for all j, α, β, x 1 , x 2 , t, τ in order to make the coin operations unitary. (57) The shift operators in eqs. (55)- (56) are symmetric in joint exchange of coin and position states of the two particles. The coin operator in (57) is not in general symmetric in joint exchange of coin and position states of the two particles unless symmetrization imposed on the functions C αβ j (x 1 , x 2 , t, τ ). Hence, this kind of evolution operator can capture distinguishable as well as indistinguishable two-particle evolution depending on the functional form of C αβ j (x 1 , x 2 , t, τ ). In the separable coin operation case while there is no interaction among the particles we must have C αβ j (x 1 , x 2 , t, τ ) = 0 for all α, β ∈ {1, 2, 3} and any x, t, τ . Thus for the nontrivial case -when these coefficients are nonzero, the particles can be in general entangled in their coin space by the whole SS-DQW evolution. Here our main purpose is to study the emergence of the curvature effects from the coin-coin entanglement, so, we will choose to work in a special entangled coin operation:
Therefore,
Our choice of the whole coin operator is already symmetric in two-particle coin states, so it may describe indistinguishable particles if θ j (x 1 , x 2 , t, τ ) = θ j (|x 1 − x 2 |, t, τ ).
We will consider the case when θ j (x 1 , x 2 , t, τ ) are analytic in all of their arguments for all j = 1, 2. So, we can consider the Taylor series expansion in variable τ as
where the higher order terms in τ are chosen to be zero.
Following the same procedure as in the case of the single particle, we get the effective two-particle Hamiltonian:
For detailed derivation and the explicit expression of the coefficient functions of the two-particle Hamiltonian see Appendix E.
The two-particle effective Hamiltonian can be spllited into three parts as
Here
looks like local Hamiltonian part for the first particle whose effective mass = 0 and in the presence of the curvature effect captured by the term Θ 1 30 (x 1 , x 2 , t)-the curved nature of space-time which is influenced by the presence of the second particle, and
looks like local Hamiltonian part for the second particle whose effective mass = 0 and in the presence of the curvature effect captured by the term Θ 2 03 (x 1 , x 2 , t)-the curved nature of space-time which is influenced by the presence of the first particle.
The part H inter eff of the Hamiltonian has no proper local analogy. This appears as a purely two-particle interaction term originated from the entangled coin operation.
For a special functional forms of the coin parameters:
For an example, we will deal with a case when θ 2 (x 1 , x 2 , t, 0) = −2θ 1 (x 1 , x 2 , t, 0) = cos −1 (x 1 − x 2 ) 2 . In this case the terms of the two-particle effective Hamiltonian in eq. (60) becomes
Therefore the Hamiltonian takes the form
VIII. CONCLUSION In this work we are able to show single-step SS-DQW with slight modification, can simulate massive Dirac particle dynamics under the influence of external abelian gauge potential and curved space-time. The modification of evolution operator is just a extra coin operation after applying the conventional SS-DQW. By increasing the dimension of the coin-space the influence of general U (N ) gauge potential can be included in our scheme as done in the ref. [16] . We have shown the same Hamiltonian can capture pseudo (1 + 1) dimensional or (2 + 1) dimensional Dirac particle dynamics when the momentum of the hidden dimension remains fixed. We provided a implementation scheme by qubit systems which is realizable in current experimental set-up. We extended our study to the case of two-particle SS-DQW where the interaction of the particles is solely comes from the entangled coin operations and showed that the parameters of this entanglement can be included in the curvature effect. Our study shows a way to investigate non-classical properties as well as the curvature effects which are difficult to observe in real situation. 
, Aµ is the U (1) potential. Now in view of the following relations,
it is possible to write eq. (A1) as,
∂x µ ; For (1 + 1) and (2 + 1) dimensions (a)(b)(c)(d) is always zero, so B (a) = 0. To derive the current density we need to derive also the dual equation satisfied byψ = ψ † β, where β = γ (0) and it is given by the following equation, with the assumption that all the vielbeins are real,
From eq. (A2) and eq. (A3) it is possible to derive the four vector current j µ , and they are given as
where g = det(gµν ) and the current is conserved, i.e. 
where H is the Hermitian Hamiltonian operator. So the probability density is given by, j µ = χ † χ. After we multiply eq. (A2) by β, we get a similar equation like eq. (A5)
where α (a) = βγ (a) . However this Hamiltonian is not hermitian and the current is also not same as eq. (A4). In this case current is given by,
Comparisons of eq. (A4) and eq. (A7) suggests that we must make nonunitary transformation (with the assumption e 0 (i) = 0),
Now we will use this transformation in eq. (A6) to write ψ in terms of χ.
We can evaluate this easily by using the following relation for any arbitrary matrix M,
√ g. Finally using all the relations described above, we can write,
Now using e 0 (i) = 0 (which will not make any lose of generalization as the number of independent vielbeins in the metric is less than the total number of vielbeins-see ref. [44] for details) and the properties in eqs. (A11), (A12) we can show that second, third, and eighth terms of the above equation will cancel with each other. Finally we can write,
So, in operator terms the above eq. (A14) can be expressed as:
(A15)
Appendix B: Expansion of the single particle conventional SS-DQW Evolution operator
The conventional single particle SS-DQW unitary evolution operator
We now expand the unitary evolution operators in eq. (B1) upto first order in variables τ and a. We use here the definition of generator of translation as: e
From the calculation in eq. (B1) we get the matrix elements of U (t, τ ) in coin basis as follows
• The first-row first-column term of SS-DQW Evolution operator in coin-basis
• The first-row second-column term of SS-DQW Evolution operator in coin-basis
(B3)
• The second-row first-column term of SS-DQW Evolution operator in coin-basis
• The second-row second-column term of SS-DQW Evolution operator in coin-basis
the first-row first-column term of our modified Evolution operator in coin-basis
where we have used the definition
2. the first-row second-column term of our modified Evolution operator in coin-basis
3. the second-row first-column term of our modified Evolution operator in coin-basis
4. the second-row second-column term of our modified Evolution operator in coin-basis
(B16) where we have used the definition
Appendix C: Calculating the operator terms of the effective Hamiltonian for the single particle
From the previous Sections B 1-B 4 we get
(C3)
(C4)
Effective Hamiltonian
Using the definition
we can write
Here for notational convenience we will omit the arguement (x, t, 0) from all the functions F j (x, t, 0), G j (x, t, 0), ξ j (x, t, 0), and (x, t) from λ j (x, t), f j (x, t), g j (x, t) and will be represented as F j , G j , ξ j , λ j , f j , g j respectively. Then the operator terms of this effective Hamiltonian can be written as follows
All the other matrix elements of the operator
2. The matrix elements of the operator S
3. The matrix elements of the operator S
b. First row fourth column term
c. Second row second column term
d. Second row third column term
e. Third row second column term
f. Third row third column element
g. Fourth row first column term
h. Fourth row fourth column term
The matrix elements of the operator
Here we have considered that the shift operators become the identity operator when τ goes to zero.
5. The matrix elements of the operator U two (t, τ ) in the coin-basis
From this section, for notational convenience, we will denote θ j (x 1 , x 2 , t, 0) by θ j (x 1 , x 2 , t, 0) and ϑ j (x 1 , x 2 , t) by ϑ j for all j = 1, 2.
a. First row first column element in coin-basis
b. First row fourth column element in coin-basis
c. Second row second column element in coin basis
d. Second row third column element in coin basis
e. Third row second column element in coin basis
= i f. Third row third column element in coin basis 
= i g. Fourth row first column element in coin basis
= i (D40)
h. Fourth row fourth column element in coin basis
= i 
